In this paper we study the rational homotopy of the space of immersions, Imm (M, N ), of a manifold M of dimension m ≥ 0 into a manifold N of dimension m + k, with k ≥ 2. In the special case when N = R m+k and k is odd we prove that each connected component of Imm M, R m+k has the rational homotopy type of product of Eilenberg Mac Lane space. We give an explicit description of each connected component and prove that it only depends on m, k and the rational Betti numbers of M . For a more general manifold N , we prove that the path connected of Imm (M, N ) has the rational homotopy type of some component of an explicit mapping space when some Pontryagin classes vanishes.
Introduction
Throughout the paper M and N are differentiable manifolds of dimension m and m+k respectively, m, k ≥ 0. We assume that M and N are simply connected and of finite type. An immersion from M to N is a map f : M −→ N of class C 1 such that for all x in M the derivative, d x f is injective. It will be denoted f : M N . This paper is about the study of the space of immersions Imm (M, N ) defined as the set of all immersions f : M N equipped with the weak C 1 -topology (see [8, Chapter 2] ). In [7, 19] , M. Hirsch and S. Smale construct a homotopical description of Imm (M, N ) as the space of sections of some explicit bundle (see Theorem 5.1 below). In this paper we study the rational homotopy type of Imm (M, N ). Our main result is the following.
Theorem A (Theorem 5.6). Let M be a simply connected manifold of finite type of dimension m ≥ 0. If k ≥ 3 is an odd integer, then each connected component of Imm M, R m+k has the rational homotopy type of a product of Eilenberg-Mac Lane spaces which only depends on m, k and the rational Betti numbers of M .
This theorem is quite surprising. Indeed Smale-Hirsch describe the space Imm M, R m+k as the space of section of some bundle depending on the tangent bundle of M . The rational information on this tangent bundle is encoded by the Pontryagin classes and therefore one could except that the rational homotopy of Imm M, R m+k depends on those Pontryagin classes. This is not the case, the reason being that if there exist an immersion then the bundle of Smale-Hirsch is always rationally trivial (by Corollary 4.3 and Lemma 5.4). When k is even the result is slightly different. In this case we need some extra hypothesis to get an easy description of the connected component of Imm M, R m+k . In order to state this precisely, recall that for a real vector bundle ξ over a space B, the dual Pontryagin classes of ξ are the unique elements 1,p 1 (ξ) · · · , withp i (ξ) ∈ H 4i (B, Q) ∀i ≥ 1, satisfying:
where p 1 (ξ) , · · · , p ⌊ m−1 2 ⌋ (ξ) are the ordinary Pontryagin classes of ξ. In other wordsp i (ξ) = p i (−ξ) where −ξ is the opposite virtual bundle of ξ. Also we denote by e (ξ) the Euler class of ξ.
Here we use the notation ⌊ ⌋ and ⌈ ⌉ for the floor and ceil operations: ⌊x⌋ = max{n ∈ Z | n ≤ x} and ⌈x⌉ = min{n ∈ Z | x ≤ n}.
We prove the following result Theorem B (Theorem 5.8). Let M be a manifold of dimension m ≥ 0, simply connected and of finite type, and let k ≥ 2 be an even integer. Assume that the following two statement hold
• e (τ M ) = 0, and
Then each connected component of Imm M, R m+k has the rational homotopy type of a product of some component of the mapping space of M into S k ,M ap M, S k , with a product of Eilenberg-Mac Lane spaces which only depends on m, k and the rationals Betti numbers of M . If moreover H k (M, Q) = 0 then all the components of Imm M, R m+k have the same rational homotopy type as well as all the component of M ap M, S k .
Theorem A and Theorem B imply that the Betti numbers of each connected component of the space Imm M, R m+k have polynomial growth. By combining these results and the main result of [2] we deduce that, when k ≥ m + 1 and if χ (M ) ≤ −2, then the rational Betti numbers of the space of embeddings Emb M, R m+k have exponential growth. When M is a compact manifold without boundary and k ≥ m 2 + 1, we give an explicit formulas of the ranks of homotopy groups of the connected components of space of immersions of M into R m+k (see Theorem 6.1 and Theorem 6.2).
We consider now the case of a manifold N more general than R m+k . We will always assume that all the Pontryagin classes of N vanish. We prove that the path connected of Imm (M, N ) has the rational homotopy type of some component of an explicit mapping space when the Pontryagin classes of N vanishes . Before starting our main result in this case, we fix some notations.
• If X and Y and if φ : X → Y is a continuous map then we denote by M ap (X, Y ; φ) the path-connected component containing φ of the space of continuous map from X to Y , M ap (X, Y ) equipped with the compact-open topology .
•
We prove the following result:
Theorem C (Theorem 5.3 ). Suppose that k ≥ 2. Let f : M N be an immersion. Suppose that all the Pontryagin classes of N vanish. If one of the following statement hold:
• k is odd, or
• the Euler class of M is zero andp k 2 (τ M ) = 0 then we have the following rational homotopy equivalence:
where φ f is some continuous map from M to V m (τ N ) (see Section 3.1 for the definition of the space V m (τ N )).
Plan of the paper
• In Section 2 we recall some definitions and results of rational homotopy theory which are important in this paper.
• In Section 3 we introduce the construction of Stiefel associated to a pair of vector bundles and we give some nice properties of this construction. The importance of this construction is that the space Imm (M, N ) is homotopy equivalent to a space of sections associated to the construction of Stiefel of the tangent bundle τ M and τ N
• In Section 4 we construct a rational model of the construction of Stiefel.
• In Section 5 using our rational model of the Stiefel construction we prove that it is rationally trivial under good hypothesis, from which we derive easily its space of sections. The main results of this paper will follow directly.
• In Section 6 we compute the ranks of the homotopy groups of the connected components of the space of immersions Imm M, R m+k .
Rational homotopy theory
In this paper we will use the standard tools and results of rational homotopy theory, following the notation and terminology of [3] . Thus, the rationalization of a simply connected space X is a rational simply connected space X Q together with a map r : X → X Q such that π * (r) ⊗ Q is an isomorphism. If V is a graded vector space over Q, we denote by ΛV the free commutative graded algebra generated by V . Recall that A pl is the Sullivan-de Rham contravariant functor which associates to each space X a commutative graded differential algebra (cgda)
For each fibre bundle F → E → B with E and B simply connected and one of the graded spaces H * (B, Q) , H * (F, Q) has finite type, there exist a commutative diagram
where m, φ andφ are quasi-isomorphisms (see [3, Theorem 15.3] 
Definition 2.1. Let F → E → B be a fibre bundle between simply connected spaces a relative Sullivan model
. Then F → E → B is said to be rationally trivial if there exist an isomorphism
such that the following diagram commute
→ X be a fibre bundle. A fibrewise rationalization of ξ is a fibre bundle → X with F simply connected has a fiberwise rationalization which is unique up to a homotopy equivalence.
Notation 2.5. The fiberwise rationalization of a fibre bundle
From Theorem 2.4 we deduce the following corollary.
The importance of this corollary will appear in the proof of main result of this paper (Theorem 5.3).
Construction of Stiefel associated to a couple of vector bundles
In this section we introduce the construction of Stiefel associated to a couple of vector bundles. This construction comes with two fibre bundles. The importance of this construction in the study of the space of immersions, of a manifold M in a manifold N , comes from the Smale-Hirsch theorem, which identifies the space of immersions with the space of sections of one of the fibre bundles of the construction of Stiefel associated to the tangent bundles of M and N .
Construction
In all this paper for an inner product space W and an integer m ≥ 0, we denoted by V m (W ) the oriented Stiefel manifold of m oriented frames in W and byG m (W ) the oriented grassmannian of m planes in W . Thus we have a bundle
Note that W can be an infinite dimensional vector space, in which case (3.1) is the universal principal bundle classifying principal GL + (m)-bundle..
Let η be an oriented vector bundle of rank m + k over Y . We have an associated fibre bundle
with total space
where E y η is the fibre of η over y ∈ Y , and the projection π is defined by
associated to the vector bundle η. Now we introduce the construction of Stiefel associated to a couple of vector bundle ξ and η, where ξ : R m → Eξ → X is an oriented vector bundle of rank m and η : R m → Eη → Y is an oriented vector bundle of rank m + k. We consider the GL + (m)-principal bundle associated to ξ
and the m-framed bundle (3.2) associated to η
The group GL + (m) acts on prin (ξ) on the right and if k ≥ 1 it acts on V m (η) on the left (for more about this action see [7, pp 263-264] ). These actions induce a diagonal action on the product
We have the following diagram of fibre bundles
where the maps π 1 and π 2 are defined for all
Note that π 1 is a fibre bundle with fibre V m (η).
Definition 3.1. Let ξ : R m → Eξ → X and η : R m+k → Eη → Y be two oriented vector bundles of rank m and m + k respectively. Then:
• the diagram (3.3) is called the construction of Stiefel associated to ξ and η,
• the fibre bundle
is called the Stiefel bundle associated to ξ and η.
In the following proposition, we give a nice property of the construction of Stiefel which is the property of double functoriality. 
where π The rest of this section is devoted to the proof of this theorem. We start with Diagram (3), the bottom square of (3.4). Let
′ ∈ X ′ and u an m-frame of the fibre of f * ξ over x ′ . We identify this fibre with the fibre of ξ over f (x ′ ) and clearly we have a map prin (f ) from prin (f * ξ) to prin (ξ) defined by
This map is GL + (m)-equivariant. Consequently the map
is GL + (m)-equivariant with diagonal action. After pass on the orbits we obtain the map
We have the following commutative diagram:
that identifies to the diagram (3) of diagram (3.4).
by [9, Proposition 6.3, p 47] we have
by (3.6 ) and (3.7 ) we deduce
In the following lemma we prove that the diagram (2) of (3.4) is a pullback diagram.
Lemma 3.4. The following diagram is a pullback
where
Proof. Consider the following diagram
The diagram (II) is a pullback (see [18, Section 1.5.3] for the proof). To prove that the big diagram is a pullback, consider the space Z and two continuous maps
We will prove that there exist an unique map
we have
Because (II) is a pullback, the equation (3.9) involves the existence of an unique map
The map Φ is well defined and for all z ∈ Z we have on the one hand:
and on the other hand
As conclusion we have: π
Suppose that there exist another map
then for all z ∈ Z we have:
and
Since (II) is a pullback, from (3.10) and (3.11) we have:
It remains to prove that Φ
Since the action of GL + (m) sur V m (η) is free, we have:
is a pullback.
Proof. Consider the diagram
By Lemma 3.3 the part (2) and the big diagram are pullbacks . The conclusion comes from [13] (see also [11, Lemma 1.1 
]).
Proof of Proposition 3.2. It follows from Lemma 3.3, 3.4 and 3.5.
Universal construction of Stiefel
In this section we study the construction of Stiefel associated to the universal vector bundles. Recall that for m ≥ 0, the universal vector bundle
is a vector bundle of rank m where
and the projection is the map which send (W, x) to W . We will prove the following 13) in which 1. the map β is a homotopy equivalence, 2. the bottom line is the construction of Stiefel associated to the universal vector bundles γ m and γ m+k .
3. pr 1 is the projection on the first factor and ρ m,k sends (W,
The top line of Diagram 3.13 is equivalent to the zigzag
whereρ is the universal map classifying the Whithney sum.
From Proposition and Proposition 3.2 we deduce the following theorem which is crucial for the construction of rational model of the construction of Stiefel.
Theorem 3.8. Let m and k two positive integers. Let ξ and η be two oriented vector bundles classified by
respectively. Then the construction of Stiefel associated to ξ and η is given by the double pullback:
The end of this section is devoted for the proof of Proposition 3.2. We start with the construction of the map β.
The morphisms l, j odd and j even induce the maps
where the projection is defined by π 0 (e) = e (where e is the oriented m-plane spanned by the oriented m frame e). By the definition of the principal bundle there is an open cover {O i } of G m (R ∞ ) and continuous maps {σ i :
, we define the map β by:
The map β is well defined. In fact suppose that there exist another open set O r containing A, and le σ r be the local section over O r . Since GL
Consequently we have
Lemma 3.9. For A ∈ G m (R ∞ ), the map
is a homotopy equivalence.
Proof. Consider the universal SO (k)-principal bundle
where π 0 sends each k-frame of R ∞ on the k-plan that it spans
Consider the SO (k)-principal bundle
where w 1 denotes the m first vectors of the m + k-frame w. Let A ⊂ R ∞ be a subspace of dimension m. Let
The mapβ A is a homotopy equivalence because V k (R ∞ ) and V m+k γ m+k are contractibles. On the other hand for all v in V k (R ∞ ), we have:
Therefore the diagram of SO (k)-principal bundles following is commutative.
in other words β A , β A is a morphism of principal bundles. Sinceβ A is a homotopy equivalence, from the property of long suite exact associated to a fibre bundles we deduce that β A is a homotopy equivalence.
Proof of Proposition 3.2. The first part of the proof is easy. In fact, for
, we have on the one hand:
and on the other hand:
this end the first part of the proof. Now, we prove that β is a homotopy equivalence. From the first part of of the proof we have
Since
are fibre bundles, then (β, id) is a morphism of fibre bundles. Let A in G m (R ∞ ), the restriction of the map β on the fibres over A is the map
. This map is the composition of
which is a homotopy equivalence by Lemma 3.9, and the map
which is a homeomorphism (see [5, Proposition 1, p 198] or [10, Proposition 3.7] for the proof). Consequently, from the property of long suite associated to a fibre bundles we deduce that β |A is a homotopy equivalence.
Rational model of Stiefel bundle
In all this section we fix two oriented vector bundles ξ : R m → Eξ → X and η : R m+k → Eη → Y of rank m and m + k respectively. We suppose that X and Y are simply connected. Our main goal is to construct a cgda model of the Stiefel bundle (Theorem 4.1)
and to deduce that this bundle is rationally trivial under some mild hypothesis on the characteristics classes of ξ (Corollary 4.3). The data needed to build a cgda model of the Stiefel bundle are:
• representatives of the dual Pontryagin classes of ξ,
• representatives of the Pontryagin classes of η, p ℓ (η) ∈ (ΛV ) 4ℓ ∩ ker d, for each integer ℓ ≥ 
where the new generators are
• e k is a generator of degree k that appears only when k is even,
•ē m+k is a generator of degree m + k − 1 that appears only when m + k is even,
•ā ℓ are generators of degree 4ℓ − 1 that appear for all integers ℓ between , and the differential D is given by Proof. Under these hypotheses the differential D of the model in Theorem 4.1 becomes
Thus we have an isomorphism
,ē m+k , e k ,D .
,ē m+k , e k ,D is a model of the fibre V m (η) and according to Definition 2.1 the bundle 4.1 is rationally trivial.
We have also the following corollary. 
Proof. From Theorem 4.1 and on hypotheses on the Pontryagin and Euler classes of η, the differentialD of the fibre V m (η) satisfies
Therefore we have an isomorphism
and the corollary follows.
The rest of this section is devoted to the proof of Theorem 4.1.
Before to start the computation leading to the proof, let us give the main idea of the proof . Theorem 3.8 assures that if ξ and η are vector bundles respectively classified by f : X → G m (R ∞ ) and g : Y → G m+k (R ∞ ), the construction of Stiefel associated to ξ and η is obtained by the following double pullbacks 
2. cgda models of f :
Recall that the cohomology of any oriented Grassmann manifold G n (R ∞ ) is a free polynomial algebra on even degree generator (corresponding to the Pontryagin classes and, when n is even, the top Pontryagin class replace by its square root which is the Euler class). Therefore a cgda model of (4.3) is obtained by just taking the cohomology algebra and since ρ m,k is the universal map classifying the Whitney sum, the induced map in cohomology is given by the classical formula for the Pontryagin classes (and Euler classes) of a Whitney sum. More precisely, let us denote the Pontryagin classes of
, Q) and their Euler classes by e m , e m+k and e k (which only appears when the corresponding subscript is even). Then the cgda model of (4.3) is given by
with the convention that the generator e n only appear when is even. The Whitney somme formula ([15, Theorem 15.3 and Property 9.6]) imply that We will replaceρ m,k by a relative Sullivan model, in which will make appear dual Pontryagin classesp t . Let us now build in details this relative Sullivan model of ρ m,k . The dual Pontryagin classesp t ∈ H 4t (G m (R ∞ ) , Q) are characterized by the equation
We will show that a relative Sullivan algebra
where the differential D 1 is defined by: 
is a relative Sullivan model of Diagram (4.3).
For the proof of this result we need the following lemma, in which we use the projection pr 1 :
and for i, j, t ≥ 0, let f i = a i − t+j=i p t b j , where a i , b j , p t for i, j, t ≥ 1 are as in Lemma 4.5 and p 0 = b 0 = 1. Letp i , i ≥ 1 be the homogeneous polynomial of degree 4i satisfying
and if k is even, we have
Proof. First of all, note that
on one hand we have ∀i ≥ 1,p i is a polynomial of
2 ⌋ and on the other hand
In particular if ℓ > k 2 we obtain
Proof of Lemma 4.5. The rational cohomology of Diagram (4.3) is given by the diagram 
⌋ , e m+k , 0
is a model. This model is not a relative Sullivan model. In order to obtain a relative Sullivan model we first transformρ m,k to a relative model, such as
• D 1ēm+k = e m+k −ρ m,k (e m+k ) = e m+k − e m e k .
To end we have to prove that this cgda is isomorphic to (A 1 , D 1 ). For this we define a map
This morphism is a cgda morphism. In fact, we have
This proves that φ is a cgda morphism and it is clear that it induces an isomorphism on cohomology. 
By [4, Theorem 2.70], applied to the homotopy pullback (1) of Diagram (4.2), the model of Stiefel (ξ, η) is of the form
• De k = 0.
Rational homotopy of the space of immersions
In this section we study the rational homotopy type of the space of immersions of a manifold M in a manifold N .
Smale-Hirsch Theorem
We start with a quick review of the Smale-Hirsch theorem. By applying the construction of Stiefel to the tangent bundles τ M , and τ N we obtain the Stiefel bundle
−→ M denote the space of sections of the Stiefel bundle. That is There is an homotopy equivalence
By the Smale-Hirsch theorem, for each immersion f : M N there exists a section
In the following we will use this result to study the rational homotopy type of the space of immersions of a manifold in a manifold.
Rational homotopy of the space of immersions of a manifold in a manifold
In this section we prove the following theorem, which identify the component of the space of immersions of a manifold M in a manifold N with some mapping space. • k is odd, or
then we have the following rational homotopy equivalence
where φ f is some continuous map from M to V m (τ N ).
For the proof of this theorem we need the following lemma.
Lemma 5.4. Let f be an immersion from M to N and ν f the normal bundle of f . If all the rational Pontryagin classes of N are zero, then we have the following equalities:
then by [1, Proposition 3.5] we have the following equality
On the other hand by [15, Theorem 15.3] ∀i ≥ 1 we have
where t, j are positives integers and p 0 (τ M ) = p 0 (ν f ) = 1. Thus
By unicity of dual Pontryagin classes, we have 
is rationally trivial. Therefore, its rationalization
is trivial and by Corollary 2.6, its fiberwise rationalization
is trivial. Since k > 1 and N simply connected, then V m (τ N ) is simply-connected. Considering that M is of finite type, we have from [16] 
is the fiberwise rationalization. Since (Stiefel (τ M , τ N )) (Q) −→ M is trivial. We have 
Proof. In fact, if the Euler class of N is zero and for all i ≥ 1 p i (τ N ) = 0 by Corollary 4.4 we have
Therefore by Theorem 5.3 we deduce the following
Rational homotopy of the space of immersions of manifold in an Euclidean space
In this section we study the rational homotopy type of the space of immersions of manifolds in an Euclidean space. According to the codimension, we will distinguish two cases. 
Proof of Theorem 5.6 and Proposition 5.7. The Euler class and all the Pontryagin classes of R m+k are zero. Since M is simply connected, of finite type and k ≥ 3, by Corollary 5.5 we have
Since R m+k is contractible, the space M ap M, R m+k ; φ 1 f is contractible. Therefore, the rational homotopy equivalence (5.1) becomes 
This ends the proof.
Even codimension case
In all this section k ≥ 2 is an even integer. This case is slightly different from the odd codimensional case because when k is even, the Stiefel manifold V m R m+k has the rational homotopy of a product of EilenbergMac Lane space with an even dimensional sphere S k . Because of this we need some extra hypothesis on M to get an easy description the rational homotopy of component of Imm M, R m+k . We will prove the following result. 6 Series of the ranks of homotopy groups the connected components of the space of immersions Proposition 5.7 and Proposition 5.9 show that the rational homotopy type of the space of immersions of a manifold in an euclidian space with large codimension depends only on the codimension and the rational Betti numbers of the manifold. From this we can obtain an explicit formula for the ranks of the rational homotopy groups of the component of space of immersions. More precisely, when the codimension is odd we obtain the following result. 
Consequently
• if m is even we have To finish, remark that
• If m is odd, we have The rest of the proof is the same as in the case m even.
When the codimension is even we have the following result. 1 − x 4 (P M (x)) 2 × R (x) if m is even, where
